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A charged particle in a time-varying magnetic field
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Abstract. Electron interaction with a uniform magnetic field, suddenly (by leaps) chang-
ing in time, is considered theoretically. Characteristic features of the switching-on process
are derived; in particular, it is shown that at low values E/B (E is the energy of the
clectron before switching, B is the intensity of the magnetic field) transitions are possible
only to even Landau states, and at large E/B there is an interaction only with high-lying
levels. Generalizations to more than one switching are presented. If the magnetic field
is switched off and switched on again after time T, then electrons from an even {odd)
Landau state can make transitions only to an even (odd) level. Varying the ratio ep/w (wg
is the cyclotron frequency, @=a/T), one can efficiently control the probabilities of
electromagnetic emission or absorption. Various results of caleulations of the switching
process from B;#0 to B,%0 are also presented. In the appendix some properties of the
functions F }(x) = (—i)"H,(ix} are given.

Attainability of strong magnetic fields is raising the problem of an adequate theoreti-
cal description of their influence on microstructures. It is well known that in the
general case of a time-dependent magnetic field it is impossible to separate time and
space variables in the Schrédinger equation. Thus one utilizes miscellaneous assump-
tions and auxiliary methods. One such approach is used in this paper, where, on the
basis of exact gquantum-mechanical analysis, charged particle interaction with a
magnetic field, suddenly (by leaps) changing in time, is considered theoretically. To
the surprise of the author, no solution of this simple but instructive problem has been
found in the literature. It follows from Maxwell’s equations that in this case an electric
field is induced which is not zero at the switching moment only. This electric field,
having as a function of time the form of one, or several, d-functions, changes the
energy spectrum of the particle, e.g. it can transform from a continuous to discrete
spectrum and vice versa. In the process of transition from one state to another, the
electron will emit or absorb electromagnetic radiation. We will show that changing the
switching frequency or (and) magnetic field intensity. one can efficiently control this
process.

Let us start by considering the situation when the magnetic field B=(0,0,8) is
suddenly switching on at the moment ¢=0: B(f) = Bh(t), where h(¢) is the Heaviside
step function. We choose the vector potential in Landau gauge A = (—By,0,0). Att<0
the particle is described by a é-normalized plane wave:

1 i 2+ pl+pl
Y(x, ¥, 2, 1) =WGXP{5 [pex+p.z+p(y _Ytn)]} X exp[ -‘ip—zi—h—g" f] (1)
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where the auxiliary phase factor exp[ — (i/%)p,y,](ys = — p./eB, the centre of magnetic
oscillations) is introduced for convenience of further calculations. At t>0 one has
superposition of the usual Landau states (magnetic field does not change x and z
components of kinetic momentum p, thus wavefunction dependence on these vari-
ables remains the same):

1 2
R T B

2 1
<, Citpess] =i{ 43 )on [ ®
1 —yo)* —Yo
1Y) = TR T exp[_(yzr.:é’o) ]Hn(y r:) (3)

wg=eB/my, the cyclotron frequency, ry=(#/eB)'?, the magnetic radius, m, is the
mass of the particle, H,(&) are Hermite polynomials. We omit here spin interaction
with magnpetic field. Factors C,(p,) satisfy the usual condition:

> 1Cp,)P=1. @
n=0

For their definition one should use continuity of the wavefunction at t=0:

1 i “
(oL exp{g ply “‘)’o)} = > Clp)xaly)-

n=0
Hence, it follows that
1 « i

Ca(py) = f exp(,;.oy(y —}’o)) Xy} dy- ()

Inserting (3) into (5) and calculating the integral [1], one has
ry4” 1/rs \2 s et (s

C (py)_wexp{ (h Pv) } H“(Epv) hl.'zl @n(h ) (6)
witht

1 2
%(E)=WCXP( —%)H,.(E).

Since the magnetic field acts perpendicular to its direction, the most interesting
case is when x and z components of kinetic momentum are zero. Then p,rp/fi=
(EFEB)"? (E is the total energy of the particle, E§ = hwg/2), and

h\uz BN
w=(5) emrel (") 0

+ Ax the process of §-normalization it should be borne in mind that the é-function 8(£) is measured in units
of [1/£]. This explains the seeming discrepancy between the fact that C, are dimensionless and their
representation in (6).
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Probability of finding particle in the nth state is defined by

cr-o((z) ) ®

Graphs and tables of functions ¢,.(&) can be found, for instance, in [2].
It is easy to check that the average y value {y)=fyyy* dy of the wavepacket (2)
obeys the classical equation of the harmonic oscillator

d?.
% +awf{y=0

and {(Ay)*)={y*)—{y)* oscillates with frequency 2wg, as would be expected for
arbitrary wavepackets in a uniform magnetic field {3, 4].

We now want to point out the most characteristic features of the |C7|% dependence
on energy £ and intensity B, which follow from the properties of functions ¢,(&) [2]. If
E<«E} (i.e. E~0 or (and) B— o), then after switching, transitions are possible only
to even Landau states, and the probability of finding the particle on the level 2m
changes with m according to the law (2m)!/2*"(m!)*. Transitions to odd Landau levels
are almost completely depressed. In the opposite case, E>> B} (E— = or (and) B=0),
transitions are possible only to levels with large numbers, #>>1, and interaction with
low states, because of its very small value, can be neglected. As seen from the graphs
of @,{&) [2], for higher E/B, the higher levels come into play. However, on further
increase in E/ B, interaction with these levels vanishes making way for the states with
still larger n. |C™|* dependence on E and B at their intermediate values is character-
ized, according to (8), by the square of functions ¢,(£), which are well known and
have been tabled in detail in [2, 5].

It is interesting to investigate |C7|? in the case E=mE§, m integer. For instance,
if, before switching, the particle had ground-state energy of magnetic field, E=E},
then after applying the field the transition to the first excited state is the most probable
process, then to the fourth level, and only after that does the probability of the process
at which the particle does not change energy occur.

The results are easily generalized to the movement of wavepackets. If, for
instance, at <0 the wavefunction is

1
V5.0~ |

o

b(p.)b(p, )b (p:) EXP{ % [px+pz+p,(y —yo)]}

s+ +pl
Xexp[ i 2m t|dp,dp, dp. ¢2)

then after switching one obtains

1 2 . 1
Plx, v, z, I)=ﬂ2 C, exp[ - 1(n +§) cuﬂr] J
n=0

2

i
X exp{g [p.x +p,_z]} exp[ - iziph r] dp, dp.. (10)

A procedure similar to that described above gives the following expression for C,;:

w0

b(p)b(p:)x-(¥)




7654 O Olendski
= f fpy) dp, (11a)

. . ,
1Py} = Gy bXPy) f y exp(%py(y—yo))xu(y) dy

rp\ 2, p
=(3) oo 30, (11)
If the packet is Gaussian with rus deviation T, ;
1 (=P
blpy)= G, BKP{ T (12)
then Substituting (12) into (11) and calculating the integral [6] gives:
e 1 (1= B 1, ( b (1+i\e
Wznn“‘ VI+E\I+ew) P 20+ g \I+aAT -7 )
_ 1l rap™
=2 =

AtT, —>0 equation (13) transforms to (7) for interaction of the plane wave with
momentum P with varying field.

Let us now consider the solution of the problem when the magnetic field B is
switched off at t=0: B(f) = Bh(—1t). Wavefunctions are, at t<0:

1 i 2
plx,y,z, 0= ok exp{h [pxx-i-pzz]} exp<-12;iph )

X exp[ ~ i(m +%) cuBt:] Al ¥) (14)

(we suppose that the particle is in the mth Landau state); and at 1> 0:

Ylx, y,z,0)= ex [ x+p,z];ex -1px+pzt
¥, (Mﬁ)_’»’z p P p: P Im h

4

X f ) m(P})CXPl: py- yo)]exr)[—izi:hf]dpy- (15)

Factors D, (p,) are
D 1 w i dve re\"2 . (rg 16
m(Py)_W o —Pr=yo) [ 2a(¥)dy= 7] (=D)"@ul 7py ). (16)
One can easily check that
f |DApy) dp, =1 m=0,1,.... 17)

As one can see, equation (17) in the switching-off process plays the same role as
equation (4) in the switching-on procedure.
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In the same way solutions are built for the case of more than one switching. For
instance, if the magnetic field is switched on at r=0 and switched off at t=
T(B(t) = B[h(£) — h(t — T)]), then the wavefunction at > T is:

1 i+ P
W(x » 2z, !) (2\%;1)3{2 exP{ [p-"x +D: 2’]} EXP[ —!ZI:I-; ]

- i . P
X Clp,.p;)exp| zp(yv— ex [—1 t]d , 18
f (Py py) p[fl Wy yo)] p 2mh Py (18)

T

with

C‘(py,p;)"gem[ i py ]E%( py)%( P’)

1
Xexp[—i(n +5)wBT]. (19)
It follows from (19) that

re\? T s rs rs
|Cp,, P P= (= @l zp el =p;) +20. 20, ol — 21
h B h h 7

<3 q,,( py)q).( p,,) cosl((- n)wm} (20)
and

® 7B — fp

f |Coy. PP dpy=7 >, qoi(gp,-) =1 (21)

We will now consider the situation when the magnetic field is switched off at £=0
and switched on again at ¢ = T(B(?) = B[h(—1} + A(t — T)]). At <0 the wavefunction is
expressed by (14), at 0<¢< T, by (15), and at > T it is

1 i Pl
W(x Y,z f) = BXP{ [p.rx+pzz]} exp( - lm f)

o ) 1
X ;;0 Ci CXP —1(k+§ wgs]xk(y). 22)
Matching solutions at t=0 and 7= T, one obtains
: A1 pi
Cim=1" exp[ —1(k+ )wBT] exp( pr ) L wpT) (23a)
1 * I ,
In(8) = APy | xR 1P exp(—p*)Hy(p)Hn(p) dp. (236)

It is seen from (23), that a particle from an even (odd) level after two switchings can
make a transition only to an even {odd) state (i.e. transitions are possible only
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between levels with numbers 2m—2(m+j) or 2m+1-2(m+j)+1, j=0,21,%
2, ...). Calculation gives [6]:

2\
2m+k)l.'2 (m+k+1\ ("E?f")

k -m
Ll pT) = (myv {mr kw1302
123
k1

2F1( O kil ’;" ’2[1"’%@]) (24a)

with I'(£) I'-function and ,F,(a, b; ¢; §) a Gaussian hypergeometric function 5], and
Con ___...(__1)’: exp[ - i(k + 1)w T] exp( ~1i B T) (2"1*") 1ml"(m At 1)
m'? 2/7° 2mh " [\ mlk! 2
2 \m»
——
x ( wBT) qF,( o, —ky K, l[1—i iD (24b)

2 imk+1yz® ’ 2 "2 sT
[1 _leT]

where (k +m) is even. 1t is also seen that |C,,,|? is symmetric to the replacement of &
and m.
Probabilities of transitions from the ground state are

- 2k 2 1
|C2k U] zﬁ(quw 7 2 27 k4 12 (25&)
6]
CUBT
5 1
|Ca,ol T e (25b)
(5]
The analogous values for the first excited state are as follows:
(k+1)1/ 2 \3 1
2
lczkxi-l,ll - zzk(k!):z (CUBT) 2\ 27 k30 (2661)
[+ ]
CUBT
1
]C“[ - w2372 (26b)
()]
One can easily show [7] that
D |Cusadl=1 o=0,1. @7
k=0

Obviously, equations similar to (27) are true for any other level.
It follows from (254) that maximal probability for transition from ground state to
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the 2kth level is achieved at wgT=2V2k, and for transition from the first excited state
to the (2k+ 1)th level (equation {26a)) at wsT=2V3k.

Increasing the number of switchings, one obtains a periodic process with frequency
w =/ T. This process simulates the eiectron behaviour in a variable magnetic field. It
follows from (19), (20) and (24)-(26) that varying wg/w (i.e. changing intensity B or
{(and) frequency w) one can change the probabilities of electromagnetic absorption or
emission over a wide range. Thus, not only space [8], but also time-varying magnetic
fields may be used for the desired electromagnetic generation in radio and light
frequencies ranges.

It is instructive to investigate the process in which the magnetic field is suddenly
changing from Bﬁr’:O to B, 0. In this case the initial wave function is

Yx,y,z,0= exp{ [pxx+pz]} exp( 25; 5 )

x ¥ D(y) exp[ - l(m + ;)mlt] . (28)

After switching {£>0) one obtains

pix.y, 2, 0= eXP{ [Pxx+p=21} CXP( - 1% t)

X i Com@(») exp[ - i( n+ %) wzt] . (29)

Here

: 1 (y—yu)? Y—Yu
2() =W6XP[ B H,,( m )

eB,; D
= —— = 12 ;I —— j =
; - r,=(#/(eB,)) Yo 2B, i=1,2,

As in the previous cases
> |Cuml*=1 m=0,1,.... (30)

Calculation of C,, gives [6]F
l: 1)”013’02 (B~ B, ) :I ( (B:B)"? )1’2
C..=exp

21 1 Bt B) BB | \ (B + B2 nim
B,— B\ m?2{B,— B\ w2 e s o B\ k2
Y — > k11—
B+B) \B+B) 2 \i)\k B,
By\ 2 Yo { By — Bx\ 112 Yof B;— B\ 12
X(I_E) H’""‘(_rl(B[+Bz Hoes _?;(Bz+B,) ) (31)

t Equation 2.20.16.11 in [6] is wrong; namely, factor ‘2" should be removed from all radicands, both in
denominator (first radicand) and in numerators (radicands of argumenis of Hermite polynomials).
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In particular, for transitions from the ground state we have

Co 1 Yo Yo (B,— B,y (B,B,)'? 2
=P T3 h (Bl+32)(3132)”= (B, + B,)2" nl

B,— B\n2 Yoof B~ Bi\ 12
(324-3) H"(‘ BZ+B,) B.> B,

B, o YofBi— B\
(-1 (B +Bz) H"(_Tz(meg B,<B

with H%(E)=(—1)"H,(i&) [5]. Some properties of functions H*%(E) are given in the
appendix.
For p,=0, equation (31) takes form:

C ={ {B,\B, )\ v2/ By — By\»2{ By— B\ w?
nm(P.:_ )— (Bl+Bz)2n+m—1n!m] B+ B, B+ B,

m& (m\ (n B\ #2 B\ &2
“ 2 (k) (k)k (1_32) (1"3‘,) Hy(0YH,1(0). (33)

k=0

(32)

From (33) and the properties of Hermite polynomials it follows that in this case once
again, transitions are possible only between even (odd) states. In particular, for
transitions from the ground state

(= 1Y/ (B.B:)"(2)!1\ 2 { B, — B.\i
I ((31-1-32)22"1) (BQ+BI)'

Cy,op,=0) = (4

The probability of remaining in the ground state is

2(3[32 )1.'2

= 2
ICOD(PI O)I BI+BZ

Using (34) and equation 5.2.13.1 in [7], one can directly show that (30) holds for
m=0,
After n switchings, which take place after time T, the wavefunction is

vy, 2,0=5—> : exp{ [pxx+pzz]} exp(—lzm—%t)

X i CERANY) expl: - i(k + %) w,t] n=2j (35a)

k=0

P

1 2
Yy, 2,8= eXP{ 5P +p221} CXP( —~i ,i hl)

X kz.ju Ca®(y) exp[ - i(k + %) wzt] n=2+1 (35b)
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and Cf? are:

on i1 1
Cgr)—exp[—l(k—!- )(n 1)an ] 2 exp[—icozTZ (!2,,+1+§)]
12,000, 1=y =0 y=0
-2 1
X exp[ - leTz (12(,,.'.1) + i) ]

p=1

=1

X H CrptnCraan i n=2j =1 (36a)

»=0
(at =2 the term
X 1
exp[ ‘1w1T2 (lz(v*.u'!'"i)]
v=0

vanishes) and

= exp[—l(k+ )(n 1)&,21] i exp[~iw2:r§ (lzvmué)]

bl =0 v=0
I~
Xexp[—iw, E ([2(,,.;.1)'*‘ )] C[] m
-1
[T CorrniiCriats  #=2%1  j=1 (36b)
»=0
where we assume that f;= =k, and C,,, are expressed by equation (31). The

probability of finding the partlcle in the kth state is defined by [C?|°. In particular,
after two switchings

|C'§rm|2 = E Cnmcnk{cnmcnk +2 z Clmclk COS[([ H)&)oT]} (37)
1=n+1

As a final example, we consider the situation with B, = —B,= B. The wavefunction
at t<<( is expressed by (14), and at t>0 s

L i . P
tp(x,y.z,t)=2 2 exp{;l [pxx+p,z]} exp( iz jrlr)
P

z 1
x ;0 ComxtH N y) exp[ - i(n + 5) mgt] (38)
with
1 (y+30)° y+¥o
(+} = -
Xr (y) al.‘-tr]lsz(znn!)lfz CXP[ 2],% ] Hn( rs ) * (39)

The C,, are [6]:
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mi\ 12 n=r 2
Yo n: ¥g rs
S o

nl\ 12 men
o) G ) e
m! ry r§

where L(£) are Laguerre polynomials. It is seen from (40) that at p, =0 there are no
transitions C,,{(p,=0)=4,,. From a physical point of view this is explained by
degeneracy of the Landau states at p, = 0 with respect to the field directiont. At p,#0
the centre of the parabolic well is suddenly switched from point y = y, to y = —y,, and,
thus, transitions are possible. Equations for several switchings are similar to (36).

Two final remarks. First, there are no difficulties in generalization of the results
obtained for the simultaneous influence of crossed electric and magnetic fields.
Second, the proposed procedure may be used in calculations for all systems with time-
varying magnetic fields, for instance, the time-dependent Aharonov-Bohm effect [9]
or a potential well in time-varying external electric and magnetic fields—a probiem we
have solved very recently [10].

In conclusion, we have inmvestigated theoretically for the first time, electron
interaction with a magnetic field which suddenly changes in time, and have defined its
characteristic features. The properties revealed offer interesting applications in the
generation of electromagnetic radiation.

Appeadix

We here point out some properties of polynomials f7%(x). For comparison similar
properties of Hermite polynomials are also given.

H(x)=(—1i)"H,(ix) H,(x)=(~i)"H(ix)

. [ri2] )n-zk [ri2] ( 1)"(2)(:)" -2%
Hy(x)=n! Z k'(n 201 Hi(x)= 2 Tl — 28!
Hi(x)=e* ;:i H,(x)=(~1ye" ;x-:
H7(xy=2xH(x) + 2nH - (x) H,1(x) =2xH,(x) — 2nH,_,(x)
H¥(x) + 2xH* (x) = 2nH%(x) =0 HI() = 2xH(x) + 2nH,(x) =0
HY(x) = 2nH*_1(x) Hi(x) =2nH,_,(x)

—13 1
exp(F - 2£) = Z Loy exp(—£+2§)= > — H(&)
[ H 5] = [2n+ 1+ X7 ][eH 3] =0 [e™H, "+ [2n+ 1 - x*][e""H,]=0
HY(x)= Z AnHd(x) A= (z) 2 kn—k—1)1  (n-Kk)iseven.
k=0

t Taking into account interaction with spin removes this degeneracy.



A charged particle in a time-varying magnetic field 7661
References

f1] Gradshteyn I S and Ryzhik T M 1980 Tables of Integrals, Series and Products (New York: Academic)

{2] Jahnke E, Emde F, Losch F 1960 Tables of Higher Functions (New York: McGraw-Hill)

[3] Messiah A 1975 Quanturn Mechanics vol 1 {(Amsterdam: North-Holland)

[4] Schiff L I 1955 Quantum Mechanics (New York: McGraw-Hill)

[5] Abramowitz M and Stegun I A 1964 Handbook of Mathematical Functions (New York: Dover)

(6] Prudnikov A P, Brychkov Yu A and Marichev O I 1986 Integrals and Series vol 2 (London: Gordon
and Breach)

[7] Prudnikov A P, Brychkov Yu A and Marichev O I 1986 Integrals and Series vol 1 (London: Gordon
and Breach)

18} Marshall T C 1985 Free-Electron Lasers (New York: Macmillan)

[9] Frolov P and Skarzinsky V D 1983 Nuowe Cimento B 78 35

[10] Glendski O 1993 unpublished



